1.B.1 Since ¥ - 2z implies ¥ = 2. the transitivity implies that » » 2.
Suppose that 2 X Smce ¥ = T, the transitivity then implies that y *.: 3.
But this contradicts % » ¥ Thus we cannot have z » x. Hence X » 2.
LLB.2 By the compléteness, ® ¢ x fer evary x & X Heoce there ic ne x ¢ X
sech that % + %  Suppase that X » yand v > =, then ¥ > y =2 By (iiil of
Proposition 1.B1, which was proved In Exerclse L.B.l, we have ® » 2. Hefce -
is transitive. Property [i) i3 now proved.

As for [iil, since x = x for every x € X, % ~ x Tor every x € X as well.
Thus - is reflexive Suppese that ¥ - y and ¥ ~ 2 Then » > v, ¥ > =, ¥ » %,
and z » y. Dy the trensitivity, this implies that x : = and z » x. Thue x ~
z. Hence = js trensitive. Supposs x that — y. Then ®x + ¥ and ¥ r = ‘I'h;.ts ¥

rx and x » y lHence ¥ - x Thus -~ ls symmetric Fropecty (L) iz now

proved.

3.B.2 Suppose that x >> y. Define € = Min {x1 = Yp o X T yL} > 0, then,
for every z € X, if lly - zil < g, then x >> z. By the local nonsatiation,
ther= exists z* € X such that lly - z®ll < ¢ and 2* > y. By x >> z* and the
weak monotonicity, x » 2*®. By Proposition 1.B.1(iii) (which is implied by the
ransitivity), x » y. Thus > is monotone.
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3.C.2 Take a2 sesquence of pairs {{x, yn)}':-_ such that x° > }'r for all n, % s

1
%, and ¥ = v. Then u(x") = u‘(}'n} for all n, and the continuity of ul-)

implies that u{x) =z ul{y}l. Hence x > y. Thus » iz continuous.

3.C.5 (a) Suppose first that ul(-) is homogeneous of degree cne and let « = O,
X € E—'?&, V€ R]_:. and x ~ y. Then u(x) = u(y) and hence aul(x) = auly). By the
homogeneity, uflex) = ulay). Thus ax ~ «y.

Suppose conversely that > is homothetic. We shall prove that the utility
function constructed in the proof of Proposition 3.C.1 is homogeneous of
degree one. Lst x € ﬁ]: and « > O, then ulx)e ~ x and ulex)e ~ ax. Since > is
hemothetic, aulx)e -~ ax. By the transitivity of ~ (Propesition 1.B.1(ii)),

ulex)e ~ eulxle. Thus ulax) = eulx).



